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In the paper we present a description of complex systems in terms of self-organization processes 
of prime integer relations. A prime integer relation is an indivisible element made up of integers 
as the basic constituents following a single organizing principle. The prime integer relations control 
correlation structures of complex systems and may describe complex systems in a strong scale 
covariant form. It is possible to geometrize the prime integer relations as two-dimensional patterns 
and isomorphically express the self-organization processes through transformations of the geometric 
patterns. As a result, prime integer relations can be measured by corresponding geometric patterns 
specifying the dynamics of complex systems. Determined by arithmetic only, the self-organization 
processes of prime integer relations can describe complex systems by information not requiring 
further explanations. This gives the possibility to develop an irreducible theory of complex systems. 
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I. INTRODUCTION 

Complex systems profoundly change human activities 
of the day. In order to understand and control them 
it becomes increasingly important to be confident in the 
theory of complex systems. Ultimately, this calls for clear 
explanations why the foundations of the theory are valid 
in the first place. The ideal situation would be to have 
an irreducible theory of complex systems not requiring a 
deeper explanatory base in principle. But the question 
arises: where such an irreducible theory may come from, 
when even the concept of space-time is questioned |l( as 
a fundamental entity? 

As a possible answer to the question it is suggested 
that the concept of integers may take responsibility in 
the search for an irreducible theory of complex systems 
2] . The aim of the paper is to present a description of 
complex systems in terms of self-organization processes 
of prime integer relations. In particular, it is consid- 
ered that the prime integer relations control correlation 
structures of complex systems and may describe complex 
systems in a strong scale covariant form. 

A prime integer relation is an indivisible element made 
up of integers as the basic constituents following a single 
organizing principle. Remarkably, the prime integer re- 
lations can be geometrized as two-dimensional patterns 
and the self-organization processes can be isomorphically 
expressed through transformations of the geometric pat- 
terns. As a result, the self-organization processes of 
prime integer relations are characterized geometrically 
and quantitatively. In fact, it becomes possible to mea- 
sure prime integer relations by corresponding geometric 
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patterns. 

Due to the isomorphism the structure and the dynam- 
ics of a complex system are combined in our description: 
as a prime integer relation governs a correlation structure 
of a complex system, a corresponding geometric pattern 
specifies its dynamics. Applications of the geometriza- 
tion of prime integer relations are considered to discuss 
potential advantages of the proposed description. 

Determined by arithmetic only, the self-organization 
processes of prime integer relations can describe complex 
systems by information not requiring further explana- 
tions. This gives the possibility to develop an irreducible 
theory of complex systems. 



II. INVARIANT QUANTITIES OF A COMPLEX 
SYSTEM AND UNDERLYING CORRELATIONS 

We approach complex systems from a general perspec- 
tive. In particular, we describe a complex system by its 
certain quantities and are concerned how many of them 
remain invariant as the system evolves from one state to 
another 0, 0. 

Let I be an integer alphabet and 

In = {x = x\...xn, %i G I, i=l,...,N} 

be the set of sequences of length N > 2. We consider 
a complex system consisting of N elementary parts with 
the state of an elementary part Pi specified by a space 
variable Xi £ I, i = 1, N and the state of the complex 
system itself by a sequence x = x\...xn S In- 

We use piecewise constant functions for a geometric 
representation of the sequences. Let e > and S > be 
length scales of a two-dimensional lattice. Let p m eS '■ x — > 
f be a mapping that realizes the geometric representation 
of a sequence x = x\...xn £ In by associating it with a 
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FIG. 1: The figure shows that for states a: = +1 — 1 + 1 — 1 — 
1 + 1 + 1+1 and x = -1-1 + 1+1+1+1+1-1 the first integrals 
are equal = 9 [1] (ts), where / = p meS (x),g = p mE s(x') 

and m — 0, e = 1, S = 1. It turns out that the second integrals 
are also equal /' 2 '(is) = g^{ts), but the third integrals are 
not f l3] {t 8 ) g [3] (t 8 ). Thus C(x,x') = 2. 



function / £ W £ s{t m ,t m +N}, denoted / = p m es(x), such 
that 

f(t rn ) = xiS, f(t) = XiS, t e (t m+i -x,t m+i \, i = 1, ...,N, 

ti = is, i = m, ...,m + N 

and whose integrals satisfy the condition f^(t m ) = 
0, k = 1,2,... , where m is an integer. The sequence 
x — x\...Xn is called a code of the function / and denoted 

We use the geometric representation to characterize a 
state x — x\...xn € In of a complex system in terms of 
the definite integrals 

rtm + N 

f lk] (t m+N )= jf f lk - 1] (t)dt, k=l,2,... (1) 

of a function /M = / = p mE< 5(x) G W e s[t m: t m+N \ 0. 
The definite integrals give us certain quantities of the 
complex system. 

Remarkably the integer code series expresses the 
quantities Q of a complex system in terms of the state 
x — x\...xm € In explicitly. In particular, it describes 
the definite integral 

fe-i 

f [k] (Ww) = Yj a fe»» (( m +Nfxi + ... + (m + l) l x N )e k 5 

i=0 

(2) 

of a function / S W e <s([i m , ^m+jv]) by using the code 
c(f) = X\...xn of the function /, powers 

(to + N)\ (m + 1)\ i = 0, jfe - 1 

of integers (to + N), (to + 1) and combinatorial coeffi- 
cients 

a kml = ((-lf-^m + + (-l) fe - 4 TO fe - l )/(fc - »)!<!, 



where fc > 1 and i = 0, k — 1 

We are concerned how many quantities Q remain 
invariant as a complex system moves from one state 
x = x\...Xn G In at a time t to another state x 1 = 
x[..:x' N € In at a time r' 0, 

/ [fc] (Wiv) =9 [k] (t m+N ), k = l,...,C(x,x'), (3) 

/ [C( a ,x')+i] (Wjv) ^ ff P(x,0+i]( Wjv)j ( 4 ) 

where / = p m£ s(x),g = p ms s(x') (Figure 1). 

We consider the conservation of the quantities J3J in 
view of (@J) as a consequence of the correlations between 
the parts of the complex system. Although the complex 
system moves from one state x to another x' , yet the 
changes of the parts are correlated to preserve C(x, x') of 
the quantities. The complex system can be characterized 
by the rate of change of the correlations with respect to 
time. 



III. THE CONSERVING CORRELATIONS AS 
SPECIFIC LINEAR EQUATIONS 

By using J2J it is proved that C(x,x') > 1 of the 
quantities Q of a complex system remain invariant, 
as it moves from one state x = x\...xn € In to an- 
other € In, iff the space-time changes 
Axi — x^ — Xiji — 1, N of the elementary parts satisfy 
a system of C(x,x') linear equations 

(m + A0°Axi + ... + (m + l)°Ax N = 



(m+iV) c '( x ' x ')- 1 Aa; 1 +...+(m+l) c(x ' x ' ) - 1 Ax^ = (5) 

and an inequality 

(m + N) c{x ' x '^ Aari + ... + (m + l) c ^' x ">Ax N + 0. (6) 

The coefficients of the system of linear equations (JjJJ 
become the entries of the matrix 

(m + Nf (m + A-l)° ... (to + 1)° \ 
(m + N) 1 (m + N-l) 1 ... (to + 1) 1 | 

(m + AO^- 1 (to + A-I)^- 1 ... (to + I)^- 1 / 

with the Vandermonde determinant, when the number 
of the equations is N. This fact is important in or- 
der to prove that the number C(x,x') of the conserved 
quantities of a complex system satisfies the condition 
C(x,x') < N 0. 

The system of equations (jSJ) may bring interesting as- 
sociations. For example: 
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1. It is suggested that the system of equations (0 may 
be connected with a smooth projective curve over a finite 
field and the number C(x, x')of the conserved quantities 
with the genus of the curve Q ■ 

2. The system of equations (JjjJ can be written for s = 
0, —1, —C(x, x 1 ) + 1 and m = as 



N 

E 



to have a naive resemblance with the Dirichlet zeta func- 
tion 



L(s, X ) 



EXn 
n s 

n=l 



where \n are some coefficients and s defined for proper 
complex numbers. This points to a possible link of the 
equations (J5J with the zeroes of the Dirichlet zeta func- 
tion 



oo 
n=l 



and the zeroes of the Riemann zeta function 

as) = y — = o 

n=l 

in particular. 



IV. SELF-ORGANIZATION PROCESSES OF 

PRIME INTEGER RELATIONS AND 
CORRELATION STRUCTURES OF COMPLEX 
SYSTEMS 

The analysis of the equations 101 and inequality © re- 
veals that a complex system is actually described in terms 
of hierarchical structures of prime integer relations. Such 
a hierarchical structure can be interpreted as a result of 
a self-organization process of prime integer relations . 
Namely, the self-organization process, starting with in- 
tegers as the elementary building blocks and following 
a single principle, makes up the prime integer relations 
of one level of the hierarchical structure from the prime 
integer relations of the lower level. 

We illustrate the results by considering two states of a 
complex system 

x = -1+1+1-1+1-1-1+1+1-1-1+1-1+1+1-1, 



+ 1 6 3 - 1 5 3 - 1 4 3 + 1 3 3 -l 2 3 + 1 1 3 + 1 3 -9 3 - 8 3 + 7 3 + 6 3 -5 3 + 4 3 -3 3 - 2 3 + 1 3 = 





♦ I6 1 -l5 1 -m'*l3 = 




■ ♦ 4 1 -3 1 -2 1 * 1 1 =0 




^2 1 *1lW-9 1 =o|| -8 1 * 7 1 * B 1 -5 1 =0 
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FIG. 2: One of the hierarchical structures associated with 
the integer relations and inequality (|HJ. The structure 
can be interpreted as a result of a self-organization process 
of prime integer relations. The process starts with inte- 
gers 1, 4, 6, 7, 10, 11, 13, 16 in the positive state and integers 
2, 3, 5, 8, 9, 12, 14, 15 in the negative state at the zero level to 
make up the prime integer relations at the first level. Guided 
by a single principle, the self-organization process forms the 
prime integer relations from the first to the fourth level. But 
the process can not reach the fifth level, because, according 
to arithmetic, the left side of does not equal zero. 



-8° + 7° + 6° - 5° + 4° - 3° - 2° + 1° = 0, 
+ 16 1 - 15 1 - 14 1 + 13 1 - 12 1 + ll 1 + 10 1 - 9 1 

-8 1 + 7 1 + 6 1 - 5 1 + 4 1 - 3 1 - 2 1 + l 1 = 0, 
+ 16 2 - 15 2 - 14 2 + 13 2 - 12 2 + ll 2 + 10 2 - 9 2 



-8 2 + 7 2 + 6 2 - 5 2 + 4 2 - 3 2 - 2 2 + l 2 = 0, 



+ 16 3 - 15 3 - 14 3 + 13 3 - 12 3 + ll 3 + 10 3 - 9 3 

-8 3 + 7 3 + 6 3 - 5 3 + 4 3 - 3 3 - 2 3 + l 3 = (7) 
and the inequality JBJ takes the form 

+ 16 4 - 15 4 - 14 4 + 13 4 - 12 4 + ll 4 + 10 4 - 9 4 



x' = +1-1-1 + 1-1 + 1 + 1-1-1 + 1 + 1-1 + 1-1-1 + 1 

specified by the Prouhet-Thue-Morse (PTM) sequences 
of length N — 16. In this case since C(x, x 1 ) = 4, the 
equations (0 can be written as four integer relations 

+ 16° - 15° - 14° + 13° - 12° + 11° + 10° - 9° 



-8 4 + 7 4 + 6 4 - 5 4 



4 4 - 3 4 - 2 4 + l 4 ^ 0, (8) 



where m = and a common factor 2 originated from the 
space-time variables A.Xi,i = 1, 16 is not shown. This 
leaves the dynamics of the elementary parts represented 
by the signs only, but allows us to focus on the integer 
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relations and inequality, and identify prime integer rela- 
tions. 

It is worth to note that calculations in Q and (JHJ and 
their results are completely determined by arithmetic. 

There is a number of hierarchical structures of prime 
integer relations associated with the system of integer 
relations Q and inequality JSJl. One of the hierarchical 
structures is shown in Figure 2. In the structure the 
relationships between the elements of neighboring levels 
can be interpreted as a consequence of a self-organization 
process of prime integer relations. The process starts 
with integers 1, 16 in certain states, i.e., positive or 
negative, and proceeds level by level following the same 
organizing principle: 

on each level the powers of the integers in the prime in- 
teger relations are increased by 1, so that through emerg- 
ing arithmetic interdependencies the prime integer rela- 
tions could self-organize as the components to form prime 
integer relations of the higher level. 

It is important to note that the formation of prime 
integer relations is more than their simple sum. 

Let us mention again that there are many hierarchical 
structures of prime integer relations associated with l(7)l 
and ||HJ|. To indicate where their variety comes from we 
give an alternative hierarchical structure of prime integer 
relations. The first level of this structure includes the 
prime integer relations 

+16°-14° = 0, -15° + 13° = 0, -12° + 10° = 0, 

+ll°-9° = 0, -8° + 6° = 0, +7°-5° = 0, 

+4° - 2° = 0, -3° + 1° = 0. 
The second level - the prime integer relations 
(+16 1 - 14 1 ) + (-15 1 + 13 1 ) = 0, 

(-12 1 + 10 1 ) + (+ll 1 -9 1 ) =0, 

(-8 1 + 6 1 ) + {+7 1 -5 1 ) = 0, (+4 1 -2 1 ) + (-3 1 + l 1 ) = 0. 
The third level - the prime integer relations 
((+16 2 - 14 2 ) + (-15 2 + 13 2 )) 

+ ((-12 2 + 10 2 ) + (+11 2 - 9 2 )) = 0, 

((-8 2 + 6 2 ) + (+7 2 -5 2 )) + ((+4 2 -2 2 ) + (-3 2 + l 2 )) = 0. 

The fourth level - the prime integer relation 
(((+16 3 -14 3 ) + (-15 3 +13 3 ) + ((-12 3 +10 3 )+(+ll 3 -9 3 ))) 

+ (((-8 3 +6 3 ) + (+7 3 -5 3 )) + ((+4 3 -2 3 ) + (-3 3 +l 3 ))) = 0. 



Let us explain the notion of prime integer relation. 
A prime integer relation of the first level is made up of 
integers from the zero level. An integer comes to the first 
level in positive or negative state (Figure 2). Following 
the organizing principle prime integer relations of a level 
make up a prime integer relation of the higher level as 
an indivisible element. Namely, if even one of the prime 
integer relations is not involved, then according to the 
organizing principle the rest of the prime integer relations 
can not form an integer relation. 

By our definition an integer relation 

+7 2 - 6 2 - 5 2 + 3 2 + 2 2 - l 2 = 
is a prime integer relation. However, an integer relation 



is not prime, because it consists of two prime integer 
relations +7° - 6° = 0, -5° + 3° = 0. For simplicity 
prime integer relations such as 

+14° - 7° = 0, +2 • 14° - 2 • 7° = 

are not distinguished. Multiple 2 means that we have 
two integers 14 in the positive state and two integers 7 
in the negative state. 

The space-time dynamics Axi of an elementary part 
Pi,i = 1,...,N has the following interpretation. The 
absolute value of Axi is the number of integers (m + 
N — i + 1) starting each of the self-organization pro- 
cesses associated with the system of equations (JSJ) and 
inequality 10, while sign(Axi) determines the state, 
i.e., positive or negative, of the integers, provided that 
Axi^0,i=l,...,N. 

The correlation structures underlying the conservation 
of the quantities © in view of (JIJ are defined by the hi- 
erarchical structures of prime integer relations associated 
with the system of equations (JSJ) and inequality JJJ 2], 

a, @. 

We illustrate the result by using the system of integer 
relations Q), where we return to the symbolic form of 
(|5|) to change our perspective from the self-organization 
processes of prime integer relations to the dynamics of the 
complex system in space-time. Starting with the prime 
integer relation +16° — 15° = (Figure 2), which actually 
stands as 

+ 16°(+2) + 15°(-2) = 



+16°Axi + 15°A.t 2 = 0, (9) 

we can see that space-time changes Axi and Ax2 of the 
elementary parts Pi and Pi are correlated as 

+ 16°Aa;i = -15°Aa;2 (10) 

and the elementary parts P\ and P2 thus make a com- 
posite part (Pi <-> P2). 
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FIG. 3: A correlation structure of the complex system is de- 
fined by the hierarchical structure of prime integer relations 
(Figure 2). A horizontal link denotes that the parts are corre- 
lated through a prime integer relation. As arithmetic behind 
the prime integer relations makes them sensitive to a minor 
change, so does the correlation structure. If the complex sys- 
tem deviates from the dynamic behavior even slightly, then 
some of the correlation links disappear and the complex sys- 
tem decays. 



The prime integer relation Q does not contain infor- 
mation about a physical signal that may realize the corre- 
lation between the parts P\ and P2. But, if the dynamics 
A^2 of the elementary part P2 is specified, then, accord- 
ing to 1|1(J[) . the dynamics Ax± of the elementary part Pi 
is instantaneously determined and vice versa. We may 
also specify that the correlation is nonlocal, because the 
prime integer relation J!|J| does not have any reference to 
the distance between the parts Pi and P2. 

Similarly the prime integer relation —14° + 13° = 
leads to 

+14 Ax 3 + 13°A:e4 = 0, 

which specifies the correlation 

14° Airs = -13 Ax 4 

between the elementary parts P3 and P4 and describes a 
composite part (P3 <-> P4). 

In its turn the prime integer relation 

+ 16 1 - 15 1 - 14 1 + 13 1 = 0, 

made up of the prime integer relations +16° — 15° = 
and —14° + 13° = 0, corresponds to 

(16^X1 + 15^X2) + (14^X3 + 13^x4) = 0, 

which shows that the composite parts (Pi <-> P2) and 
(P 3 <-> P4) are correlated as 

(16 x Aa;i + l^Aa^) = -(14 x Ax 3 + 13^x4) 

and form a larger composite part 

((Pi ~ P 2 ) «- (P 3 ~ Pi))- 



Continuing the consideration we can associate the self- 
organization process of prime integer relations with the 
formation of a correlation structure of the complex sys- 
tem (Figures 2 and 3). The formation process starts with 
the elementary parts Pi,...,Pi6 and combine them into 
composite parts to make up then larger composite parts 
and so on until the whole correlation structure is built. 

A complex system can be described by self- 
organization processes of prime integer relations in a dis- 
tinctive way. Information about a complex system can 
be given by prime integer relations, which are true state- 
ments not requiring further explanations. The prime in- 
teger relations are organized as hierarchical structures 
and there is no need for deeper principles to explain why 
the hierarchical structures exist the way they do and not 
otherwise. 

For example, there is no need to explain a hierarchical 
structure, where prime integer relations 

+7° - 6° = 0, -5° + 3° = 0, +2° - 1° = 

of level 1 form a prime integer relation 

+7 1 - 6 1 - 5 1 +3 1 +2 1 - l 1 = (11) 

of level 2. The prime integer relation (|llfl alone makes 
up a prime integer relation 

+7 2 - 6 2 - 5 2 + 3 2 + 2 2 - l 2 = (12) 

of level 3. However, the prime integer relation (|12fl on its 
own can not progress to level 4, because 

+7 3 - 6 3 - 5 3 + 3 3 + 2 3 - l 3 ^ 0. 

By using the self-organization processes of prime in- 
teger relations a concept of complexity is introduced 
and its applications may be found in |7j. 



V. GEOMETRIZATION OF THE 
SELF-ORGANIZATION PROCESSES OF PRIME 
INTEGER RELATIONS AND ITS 
APPLICATIONS 

Prime integer relations as abstract entities are not na- 
tives of mental pictures associated with formations of 
physical objects. At the same time in our description of 
complex systems prime integer relations behave like ob- 
jects that under the control of arithmetic can transform 
into each other. This view would be more relevant with 
prime integer relations as geometric objects suitable for 
measurement to obtain information about complex sys- 
tems. 

Remarkably, by using the integer code series 3, 
the prime integer relations can be geometrized as two- 
dimensional patterns and the self-organization processes 
can be isomorphically expressed through transformations 



6 



■ 222222 2 2 

■ +5-4-3 + 2-1 + + (-lf-(-2)=0 





FIG. 4: A hierarchical structure of prime integer relations 
and an isomorphic hierarchical structure of geometric pat- 
terns. A prime integer relation can be positive (shown in 
black) and negative (shown in white). Under the integration 
of the function, the geometric patterns of one level form the 
geometric patterns of the higher level, so we can observe the 
geometric patterns length scale by length scale. A prime in- 
teger relation can be measured by the area of a corresponding 
geometric pattern or the length of its boundary curve. The 
boundary curve of a geometric pattern specifies the dynamics 
of an associated complex system. 

of the geometric patterns Q. As a result, the self- 
organization processes of prime integer relations are char- 
acterized geometrically and quantitatively. In fact, it be- 
comes possible to measure prime integer relations by cor- 
responding geometric patterns. 

Due to the isomorphism the structure and the dynam- 
ics of a complex system are combined in our description: 
as a prime integer relation governs a correlation structure 
of a complex system, a corresponding geometric pattern 
specifies its dynamics. The geometrization of the prime 
integer relations puts forward arithmetic to irreducibly 
explain complex systems through quantitative means. 

To illustrate the results we consider a self-organization 
process of prime integer relations that can progress 
through the hierarchical levels Q- The process is con- 
nected with the PTM sequence and can be specified in 
terms of critical point , @ features Q • This resonates 
with the fact that the PTM sequence gives a symbolic 
description of chaos resulting from the period-doubling 
[Tfl | in a complex system |Tlj . 

The left side of Figure 4 shows one of the hierarchical 
structures of prime integer relations, when 

£ = 0000000 0, 

a/ = +1-1-1 + 1-1 + 1 + 1-1, 

m = —3 and a complex system consists of N — 8 elemen- 
tary parts Pi,i — 1, ...,8. The sequence x' is the initial 
segment of length 8 of the PTM sequence starting with 
+1. 



The right side of Figure 4 presents an isomorphic hier- 
archical structure of geometric patterns as a result of the 
geometrization of the self-organization process of prime 
integer relations. The geometrization allows us to visu- 
alize the process and investigate it, as well as the com- 
plex system, geometrically and quantitatively. In par- 
ticular, the self-organization process can be analyzed by 
measuring prime integer relations through their geomet- 
ric patterns. For example, a prime integer relation can 
be measured by the area of a corresponding geometric 
pattern or the length of its boundary curve. These two 
characteristics of a prime integer relation are quantities 
of an associated complex system. We consider the quan- 
tities in applications to discuss potential advantages of 
the proposed description. 

The first application shows that complex systems may 
be described by the prime integer relations in a strong 
scale covariant form. Namely, although a PTM geomet- 
ric pattern at level Af > 1 of length scale 2^s is bounded 
by an intricate curve, nevertheless the PTM geometric 
pattern has a concise and universal description working 
for all levels. In particular, the area S of a PTM geomet- 
ric pattern at level Af > 1 can be expressed as if it were 
a triangle 



where L and H are the length and the height of the 
PTM geometric pattern (Figure 4). Consequently, the 
law of PTM pattern area is the same for all length scales 
and in the simplest possible form. In other words, the 
description of S is strongly scale covariant, i.e., 

under the scale transformations the equation of S is 
preserved in the simplest possible form Ijiffl . 

A PTM geometric pattern is a result of the formation, 
but for the description of its area S there is no need 
to know what happens at the lower levels. All informa- 
tion can be obtained by measuring the length L and the 
height H of the PTM geometric pattern at the level of 
consideration. Nevertheless, the history of the formation 
of a PTM geometric pattern is encoded by the boundary 
curve. 

Because of (|13|) the PTM geometric patterns have a 
scale invariant property that divides the hierarchical lev- 
els into groups of three successive levels. Namely, the 
lengths and the heights of PTM geometric patterns at 
levels Af — 1,2,3 and Af = 4, 5, 6 are given in terms of e 
and 5 as 

(2e,eS), (4e,e 2 <5), (8e,2e 3 <5) 

and 

(16e,8e 4 <5), (32e, 64e 5 (5), (64e, 1024e 6 (5). 
By using the renomalization group transformation 
e' = 2 3 e, 5' = e 3 S, 
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the lengths and the heights of PTM geometric patterns 
at levels N = 4, 5, 6 can be expressed in terms of e' and 
5' in the same way 

{2e',e'5'), (4e', e'V), (8e',2e' 3 S') 

as the lengths and the heights of PTM geometric patterns 
at levels M = 1, 2, 3 are given in terms of e and S. The 
situation repeats for levels Af = 7, 8, 9 and so on. 

The second application is connected with a long- 
standing problem to explain why constants of nature, 
such as the fine-structure constant a measured to be 
equal to 1/137.03599976 and written as 

a = 0.00729735... , 

have the values they do and not even slightly different. 
Although the logic of digits in the fine-structure constant 
a has not been established yet, it is known that a is 
fragile. If the fine-structure constant a varied even a bit, 
then complex physical systems would not be able to exist 

A prime integer relation is also an intricate entity, be- 
cause arithmetic behind makes it sensitive to a minor 
change of the elements. However, when we read a prime 
integer relation, unlike a constant of nature, we can un- 
derstand and accept it as a true statement not requiring 
further explanations. Moreover, a prime integer relation 
can describe a correlation structure of the complex sys- 
tem. In this capacity it encodes the parts of the cor- 
relation structure, the relationships between them, i.e., 
how the parts are connected, and the strengths of the 
relationships, i.e., how the dynamics of some parts of a 
relationship determine the dynamics of the other parts 
(Figures 2 and 3). In our description a minor change 
breaking a prime integer relation also leads to a collapse 
of a corresponding complex system, because some of the 
relationships between the parts of the correlation struc- 
ture disappear. 

The analogy with the sensitivity of the fine-structure 
constant a could be made stronger, if a prime integer 
relation would be found sensitive to a single number. 
The geometrization of a prime integer relation provides 
a number with the required property. In particular, a 
prime integer relation can be isomorphically expressed 
as a two-dimensional geometric pattern, which is com- 
pletely determined by the boundary curve (Figure 4). 
The length of the curve, i.e., a number, encodes the geo- 
metric pattern and thus the prime integer relation. With 
even a minor change to the number the prime integer re- 
lation as well as a corresponding complex system cease to 
exist. Indeed, if the number i.e., the length, changes even 
slightly, then the boundary curve in its turn changes the 
geometric pattern, which leads the prime integer relation 
and the complex system to decay. 

We consider the example above with m = 0, e = 1 
and (5 = 1 (Figure 4) to show how such numbers can be 
obtained. By using corresponding geometric patterns at 
levels 1, 2 and 3, we define the numbers for prime integer 
relations. 



For the prime integer relation +8° — 7° = we have 

2 [ VTTldt = 2V2 = 2 x 1.414223562... , 
Jo 

where / = p ou (x'),x' = +1-1-1 + 1-1 + 1 + 1-1. 
For the prime integer relation 

8 1 - 7 1 - 6 1 + 5 1 = 

we obtain 

4 / v 7 ! + t 2 dt = 4 x 1.14779... . 
Jo 

For the prime integer relation 

8 2 - 7 2 - 6 2 + 5 2 — 4 2 + 3 2 + 2 2 - l 2 = 

we get 

4 x (1.0242... + 1.30702...) = 4 x 2.33122... . 

The numerical results in the second and third cases are 
computed by using Mathematica. 

We can write the prime integer relations and their cor- 
responding numbers as 

+8° - 7° = => 2 x 1.414223562... 
+8 1 -7 1 -6 1 + 5 1 = 4 X 1.14779... 

+8 2 -7 2 -6 2 +5 2 -4 2 +3 2 +2 2 -l 2 = ==> 4x2.33122... . 

On the side of prime integer relations we have confi- 
dence in the arithmetic statements, as we can check them. 
Moreover, we know how the prime integer relations are 
built, can observe symmetry in their corresponding geo- 
metric patterns (Figure 4) and associate them with cor- 
relation structures of complex systems. 

But on the other side it is not clear what logic digits 
of the numbers may follow. The situation would become 
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intriguing, once the numbers turned to be found as con- 
stants by physical experiments. 

When a constant of nature is measured, the informa- 
tion from physical devices comes for processing in the nu- 
merical form. Presenting numerical information through 
prime integer relations may give us a tool to understand 
experimental results and make our decisions relying on 
irreducible arguments. For instance, if some physical ex- 
periments identify a constant and as a number it corre- 
sponds in our description to a prime integer relation 

+7 2 - 6 2 - 5 2 + 3 2 + 2 2 - l 2 = 0, 

then it may be considered that the experiments through 
the constant actually reveal a true statement we can un- 
derstand and agree with. 

Therefore, we propose to explore the idea: 

constants of nature may be numerical expressions of 
prime integer relations or their metrics. 

If it were the case, then constants of nature would be 
understood without further explanations. 

VI. CONCLUSIONS 

We have shown that complex systems can be described 
in terms of self-organization processes of prime integer 
relations. The processes have the integers as the basic 
building blocks and controlled by arithmetic only make 
up the prime integer relations from one level to the higher 
level. In the description of complex systems prime integer 
relations demonstrate remarkable properties: 

- following a single principle may self-organize at one 
level to form a prime integer relation at the higher level. 
A prime integer relation may participate in various self- 
organization processes and, as a result, be a component 
of different prime integer relations at the higher level; 



- through the self-organization processes the prime in- 
teger relations are interconnected and inseparable in one 
hierarchical network. Not even a minor change can be 
made to any element of the network; 

- control correlation structures of complex systems and 
may describe complex systems in a strong scale covari- 
ant form. Prime integer relations specify nonlocal and 
instantaneous correlations; 

- provide a complexity order. The self-organization 
processes start with different integers and, as a result, 
progress to different levels thus producing the complexity 
order. It seems like a self-organization process of prime 
integer relations aims to progress as higher as possible in 
the direction of the order; 

- can be geometrized and may be measured in renor- 
malizable numbers by corresponding geometric patterns. 
The self-organization processes of prime integer relations 
can be isomorphically expressed through transformations 
of the geometric patterns. The geometrization of the 
prime integer relations puts forward arithmetic to irre- 
ducibly explain complex systems through quantitative 
means; 

- determined by arithmetic only, the self-organization 
processes of prime integer relations can describe complex 
systems by information not requiring further reductions. 
This property could be particularly useful as irreducible 
arguments may be needed to ex plai n the fundamental 
laws of complex physical systems |l3j | . 

Finally, we have presented self-organization processes 
of prime integer relations as a new way to describe com- 
plex systems. The processes can characterize complex 
systems by information not requiring further explana- 
tions. This gives the possibility to develop an irreducible 
theory of complex systems. 

This work was supported by CQU Research Advance- 
ment Awards Scheme grants no. IN9022. 
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